The paper presents a methodology for calculating the gust response of highly flexible aircraft. Two types of gust analyses are considered, viz. frequency domain and time domain. This work is a continuation of past work 1 in which we presented analysis and results illustrating the linear response of a flying wing configuration to continuous gust based on frequency domain analysis. The linear aeroelastic system was obtained by calculating the trim state of the fully nonlinear aeroelastic/flight mechanics model followed by linearization at the trim state.
I. Introduction
The analysis and design of very light, and thus highly flexible, aircraft configurations is of interest for the development of the next generation of high-altitude, long-endurance (HALE), unmanned aerial vehicles (UAV). The flexibility of such aircraft leads to large deformation, so that linear theories are not relevant for their analysis. For example, the trim shape of a large flexible aircraft is highly dependent on the flight mission (payload) as well as on the flight condition; the deformed shape is significantly different from the undeformed shape. Thus, the flight dynamic and gust response based on the actual trim shape can be quite different from that calculated based on linear, small deformation assumptions. Furthermore, the linearized model at the nonlinear trim is insufficient if one has to calculate response to large amplitude gust.
The paper presents a theoretical basis for the flight dynamic response calculation and gust response estimation of a highly flexible aircraft. Various realistic design space requirements including, concentrated payload pods, multiple engines, multiple control surfaces, vertical surfaces, discrete dihedral, and continuous pretwist, are taken into account. The code based on the theoretical development presented here can be used in preliminary design as well as in control synthesis. This work is a continuation of work conducted by the authors over the past decade in the area of nonlinear aeroelasticity 3, 4 and recently on the flight dynamics of flexible flying wing configurations.
1, 2 The focus of the present work is on the nonlinear gust response of highly flexible aircraft calculated using time-domain simulations.
II. Theory
The modeling of a flexible aircraft undergoing large deformation requires a geometrically-exact structural model coupled with a consistent large motion aerodynamic model. The present work is based on modeling the airplane wing structurally as a beam undergoing large displacement and rotation. The governing equations are the geometrically-exact equations of motion from Hodges 5 written in their intrinsic form (i.e. without displacement and rotational variables). However, instead of being augmented by the displacement-and rotation-based kinematical relations given therein, they are instead augmented by the intrinsic kinematical equations, derived in Ref. 6 .
A 2-D airfoil model is appropriate for the very high-aspect-ratio wing (without fuselage interference) being analyzed here. The airloads are here based on the finite-state airloads model presented by Peters and Johnson. 7 The airloads model is coupled with inflow model presented in Peters et al. 8 The gust loads are calculated in the frequency domain for a simple harmonic gust using the theory of Theodorsen (Ref. 9 , pp. 281-293). The gust response due to small amplitude gust is based on the non-uniform gust response analysis methodology presented in Crimaldi et al. 10 For large amplitude gust, a time series representing the von Karman gust spectrum is created. This gust can be used as input in a time-marching simulation based on the linear as well as complete nonlinear set of equations.
A. Structural Model
The geometrically-exact, intrinsic equations for the dynamics of a general, non-uniform, twisted, curved, anisotropic beam, undergoing large deformation, are given as
where ( ) denotes the derivative with respect to the undeformed beam reference line and( ) denotes the absolute time derivative. F (x, t) and M (x, t) are the measure numbers of the internal force and moment vector (generalized forces), P (x, t) and H(x, t) are the measure numbers of the linear and angular momentum vector (generalized momenta), γ(x, t) and κ(x, t) are the beam strains and curvatures (generalized strains), and V (x, t) and Ω(x, t) are the linear and angular velocity measures (generalized velocities). All measure numbers are calculated in the deformed cross-sectional frame. k = k 1 k 2 k 3 is the initial twist/curvature of the beam, e 1 = 1 0 0 T , and f (x, t) and m(x, t) are the external forces including gravity (f g , m g ), aerodynamic loads (f aero , m aero ), and thrust (f T , m T ). The first two equations in the above set are the equations of motion 5 while the latter two are the intrinsic kinematical equations 6 derived from the generalized strain-displacement and generalized velocity-displacement equations.
Cross-sectional constitutive laws
The secondary beam variables are linearly related to the primary variables by the cross-sectional constitutive laws (flexibility and inertia matrices), such that
where R, S, and T are 3×3 matrices of cross-sectional flexibility coefficients; and µ, ξ, I are the mass per unit length, mass center offset, and mass moment of inertia per unit length, respectively. These relations are derived based on the assumptions of small strain and slenderness.
Finite-element discretization
To solve the above set of equations, the beam is discretized into finite elements. The equations for each element are obtained by discretizing the differential equations such that energy is conserved. 6 For example, consider a variable X. Let the nodal values of the variable after discretization be represented by X n l and X n r , where the superscript denotes the node number, the subscript denotes the left or right side of the node, and the hat denotes that it is nodal value. For the element n
In a discretized form the equations of motion can be written as
where, as defined above, the barred quantities correspond to the values of the variables in the element interior while the hatted quantities are nodal values. The barred and hatted quantities of the primary variables are related as
The barred secondary variables are related to the barred primary variables as stated above in the crosssectional constitutive law.
Gravity loads
The force term in the equations of motion includes gravitational forces. The gravitational force and moment are
where g is the gravity vector. The measure numbers of g are known in the inertial frame. The measure numbers of the gravity vector g in the deformed beam frame at all the nodes can be calculated using the following equations
(19) which in the discretized form can be written as
The second equation above, the time-differentiated one, is satisfied at one node; while the first equation, the spatially-differentiated one, is used to obtain the g vector at other nodes. Both equations are matrix equations, i.e. a set of three scalar equations. In both cases, the three equations together can be shown to satisfy a constraint of constant length for the g vector. One can thus replace any one of the three dynamic equations by the static form of this length constraint. This will remove the artificial eigenvalue caused by the differentiation of a constraint. Also the constraint is satisfied for the steady-state calculation when the dynamic terms are neglected. So, the second equation can be written as
B. Aerodynamic Model
Lift, Drag, and Pitching Moment Expressions
The airloads are calculated based on 2-D aerodynamics using known airfoil parameters. First the velocities in the aerodynamic frame at the mid-chord are written as
where y n mc is the vector from the beam reference axis to the mid-chord and can be written in terms of the aerodynamic center (at the quarter chord) location as y
The lift, drag and pitching moment at the quarter-chord are given by
where
and V n a2 and V n a3 are the measure numbers of V n a . β n is the flap deflection of the n th element. The lift, drag and pitching moment are the aerodynamic loads to be applied to the wing and can be written in the aerodynamic frame as
Finally, the aerodynamic forces derived above are transformed to the deformed beam frame and transferred to the beam reference axis to give the applied aerodynamic forces as
Unsteady Effects
The above aerodynamic model is a quasi-steady one with neither wake (inflow) effects nor apparent mass effects. To add those effects into the model we have to firstly add the inflow λ 0 and acceleration terms in the force and moment equation. Secondly we have to include an inflow model that calculates λ 0 . Here the Peters 2-D inflow theory of Ref. 8 is used.
The force and moment expressions with the unsteady aerodynamics effects are
and m n a = 2ρb
The inflow model can be written as
and
where λ n is a vector of inflow states for the n th element, and [A inflow ], {c inflow }, {b inflow } are constant matrices derived in Ref. 8 .
C. Aeroelastic System
An aeroelastic model is obtained by coupling the aerodynamic force definition given in the previous section with the set of equations presented in the section on the structural model. The aeroelastic equations are nonlinear equations in terms of the primary structural variables (F 
where, {x} is a vector of all the aeroelastic variables, {f cont } is the vector of the flight controls and {f gust } is a vector of gust loads. For {f gust } = 0, the set of aeroelastic equations is solved using Newton-Raphson method to obtain the steady-state (trim) solution. One could either calculate the trim for a given flight control configuration or use a trim algorithm to calculate the control settings for a given flight condition.
The linear system can be represented as
where,( ) refers to the perturbation about the steady-state (trim) values. The eigenvalues of the linearized system can be calculated to estimate the stability of the aircraft at the trim to small perturbation.
D. Gust Response Calculation: Frequency domain
The response of the airplane to a gust at various locations on the wing is calculated. A unit-amplitude, simple harmonic gust applied at the n th element can be represented as
The gust load at the n th element is given by
The response of the airplane to the gust can be calculated as
where, using the linearized equation presented above we have
The effective response of the wing due to the gust at all the locations on the wing can be calculated as
where, ( ) T is the complex conjugate transpose, [φ x (ω)] is a matrix of the cross-spectral densities of the response, [φ g (ω)] is a matrix of the cross-spectral densities of the gust, and [X(ω)] is the frequency response matrix calculated as [{x(ω)} 1 , {x(ω)} 2 , . . . {x(ω)} N ]. To calculate the response of the airplane to nonuniform gust over the entire wing, we need to know the cross-spectral densities of the gust at various locations on the wing. These 3-D cross-spectral functions have been calculated by Houbolt and Sen 12 based on the 2-D Von Karman gust spectrum and can be written as
where, σ w is the gust RMS velocity, L is the gust scale of turbulence, s ij is the nondimensional spanwise separation between two gust strips (nondimensionalized using the L), K 5 6 and K 11 6 are the modified Bessel functions of the second kind, Γ is the gamma function, and z ij is given by
The statistical parameters of interest for load exceedance calculations, namely the normalized gust intensity,Ā, and the characteristic frequency, N 0 , can be determined as
where, σ x , the RMS value of any response variable can be calculated as
E. Gust Response Calculation: Time domain
The gust response can also be calculated in the time domain by simulating the system dynamics equations in time. To do so, a time marching algorithm is required. Here we use a central difference scheme with high frequency damping. For the linear system the algorithm can be written as,
where, δt is the time step and c is the high frequency damping parameter. For c = 0 we have exact central differencing, nio damping and thus second order accuracy. For c = 1 we have backward differencing, first order accuracy and high damping and for c = 1 we have forward differencing, first order accuracy and high negative damping. Due to the fact that the equations are very stiff (there are number of infinite frequency or constrain equations), we have to include high frequency damping. Usually a c ≈ 0.01 gives a good time marching algorithm with approximately second order accuracy and high frequency damping.
The gust input as a function of time can be calculated from the known von Karman power spectral density as a weighted sum of sinusoids at random phase. First, the complete frequency spectrum is broken in to multiple smaller frequency segments, and then the time history is created based on the power in each frequency segment. Thus,
where, A i is the power of the particular frequency segment with center frequency ω i . φ i can be chosen by the user. Thus, we have infinite possible time series corresponding to the same power spectral density. In the present paper, we randomly choose the φ i 's. 
III. Results
Consider the aircraft as illustrated in Figure 1 . The example aircraft has a span of 238.78 ft and a constant chord of 8 ft. 1/6 th of the span at each end has a dihedral of 10
• . The inertial, elastic and aerodynamic properties of the wing cross section are given in Table 1 .
There are five propulsive units; one at the mid-span and two each at 1/3 rd and 2/3 rd semi-span distance from the mid-span. There are three vertical surfaces (pods) which act as the landing gear. Two of the pods weigh 50 lb each and are located at 2/3 rd semi-span distance from the mid-span. The central pod also acts as a bay for payload and weighs 250 lb. The pod/payload weight is assumed to a be a point mass hanging 3 ft under the wing. The aerodynamic coefficients for the pods are C lα = 5 and C d0 = 0.02. The wing is discretized using 30 finite elements of equal lengths. It is assumed that the gust loads act only on the wing. The aircraft is trimmed at a steady level flight at 40 ft/s. Figure 2 shows the power spectral density (PSD) of the input and output for an uniform gust. For a uniform (or 2D) gust the gust at each spanwise location is the same, i.e., the gust is uniform over the span. Figure 2(a) shows the PSD of the input gust time history and compares it to the actual von Karman PSD. The input gust time history is calculated based on the von Karman PSD but there are errors introduced Table 1 . Wing cross-sectional properties due to discretization. Furthermore the PSD calculation algorithms have additional errors. For the results presented, the calculation of the gust time history is based on the summation of around 1847 sinusoids over the range of 0.005 rad/s to 50 rad/s. The calculated input time history is for a range of 0s through 300s at an interval of 0.03s, thus giving 10,000 points. The time-marching simulation is also conducted for 10,000 time steps using 0.03s time step.
show the PSD of the response of the system to the applied uniform gust and compares the response to that obtained by directly conducting frequency domain analysis. The PSD of the response calculated both ways give the same answer. The standard deviation or the total power of the response can be calculated by integrating the PSD or directly calculating it from the time history. This response measure is calculated for three variables as a function of the spanwise coordinate. Figures 3(a)-3(c) show the bending moment, shear force and vertical velocity. Again, the response calculated from time domain analysis matches with the frequency domain calculations. Figure 4 shows the power spectral density (PSD) of the input and output for an uncorrelated gust input. For uncorrelated gust, the gust affecting each segment of the wing is completely uncorrelated from the gust affecting other segments. Figure 4 It should be noted that the frequency domain solution gives a symmetric profile because the expected response amplitude (including symmetric and anti-symmetric motion) is symmetric. But, due to the minor differences in the various input time histories, the response calculated using the time simulation is not symmetric.
IV. Conclusions
The paper presents a methodology for calculating the gust response of a highly flexible aircraft. The aeroelastic analysis is based on a nonlinear geometrically-exact structural model and large angle-of-attack aerodynamic model. The gust response is calculated in the time domain and compared to results obtained using frequency domain analysis. The results obtained from both the methods match. The time domain methodology can be used for system which do not have a frequency domain model (e.g., time-marching models) as well as for nonlinear simulation. 
